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Studying physiological signals
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Physiological signals

Oculometric signals

Eye positions
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Physiological signals

Studies with many constraints:

» Non-stationary
» High-dimension
» High-variability

» Interpretability

Adaptive methods
Scalable
Dimension reduction

Sparsity

Seminaire MAP5 5/32

Université Paris-Descartes — Paris



Encoding a walk signal

Dy

Time [sec]

X [m/s?] 3

Time [sec] 15

—7
5
The activation are concentrated around the steps but there is some
dispersion on multiple patterns.
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Sparse Representation

Notation:
» x a vector in R”
» & is a noise signal in R
» D e RP*K is a set of K patterns in R
» Z is a coding vector in R¥

Linear model:

x=Dz+¢&

with z sparse. Few of its coefficients are non-zero.
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Learning Sparse Representation

Dictionary learning optimization problem

z*,D* = argmin — Z [xt7l — D2 4 X271 4 1o(D)
— n=1

data fit penalizations

with a constraing set 2 and a regularization parameter A > 0.
This problem is non-convex and is generaly solved using an alternate
minimization:

1. Dictionary update: z fixed, update D

2. Sparse coding: D fixed, update Z, independent for each n € [1, N]
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Sparse coding algorithm

> ISTA [Daubechies et al., 2004|
» Fast ISTA [Beck and Teboulle, 2009]
» ADMM [Gabay and Mercier, 1976|
» Coordinate Descent [Friedman et al., 2007]
» Feature Sign-Search [Lee et al., 2007]
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Learned Iterative Soft-Thresholding Algorithm (LISTA)

We have to solve N problems with a common structure D.

Can we use this structure?
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Learned Iterative Soft-Thresholding Algorithm (LISTA)

We have to solve N problems with a common structure D.

Can we use this structure?

error
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2 ° . .
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0 1 2 3 5 7 . We @ .

LISTA — Adapted from [Gregor and Lecun, 2010]

Why does it work?
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Adaptive Iterative Soft Thresholding
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LASSO

The LASSO or sparse coding problem searches for z* such that

z" = argmin F(z) == EHX - DZH% +A[z]|1 (1)
z —
E(z)

where x € RP, D € RP*K and z € RK.

We denote B = DTD is the Gram matrix of D.
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The quadratic-form Qs

Define Qs(u,v) = 3(u—v)TS(u—v) + Aullz .

If S is diagonal, the following problem can efficiently be solved:

argmin Qs(u, v)
u

The problem is separable on each coordinate:

.S
argmin §(u,- - v,-)2 + Alluil|
u;

= Scaled soft thresholding

o = sign(v;)

max(0, |vi| — A)

1
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Toward an adaptive procedure

Given an estimate z(9) of z* at iteration g, we can write:

F(z) = E(2)+ Azl
= E(Z9)+ (VE@E@),z—20) 1+ Qg( 2, 29),
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Toward an adaptive procedure

Given an estimate z{9) of z* at iteration g, we can write:

F(z) = E(2)+ Azl
= E(Z9)+ (VE@E@),z—20) 1+ Qg( 2, 29),

ISTA: Replace B by diagonal matrix S = LIk

Fo(z) = E(z9)+ <VE(z(q)),z _ Z(q)> +Gs,( 2 2@ |

min F4(z) & mianq< z, 29— Sq_l VE(z(q))>
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Toward an adaptive procedure

Given an estimate z{9) of z* at iteration g, we can write:

F(z) = E(2)+ Azl
= E(Z9)+ (VE@E@),z—20) 1+ Qg( 2, 29),

ISTA: Replace B by diagonal matrix S = LIk
FacNet: Replace B by ATSA (S diagonal, A unitary)

Fo(2) = E(@9)+(VE(D),z—2@) + Q5 (Aqz,Aqz?) ,

min Fy(z) < minQs, (qu, A,z D —Sq_lAqVE(z(q))>
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Toward an adaptive procedure

Given an estimate z{9) of z* at iteration g, we can write:

F(z) = E(2)+ Azl
= E(Z9)+ (VE@E@),z—20) 1+ Qg( 2, 29),

ISTA: Replace B by diagonal matrix S = LIk
FacNet: Replace B by ATSA (S diagonal, A unitary)

Fo(2) = E(@9)+(VE(D),z—2@) + Q5 (Aqz,Aqz?) ,

min I-_q(z) & minQs, (qu, A,z D —Sq_lAqVE(z(q))>

Can we choose Ag, Sy to accelerate the optimization compared to ISTA?
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Quadratic form
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Quadratic form
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Quadratic form
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Iterative procedures

ISTA:
29 = argmin Fq(2)
z
1
= prox(z9 VE(Z(9)) ,
s 1B]l2
FacNet:
Z(a+1) argmin ?q(z)
= Al prsox(qu(q) — S 1AVE(Z))
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Toward an adaptive procedure

Similar iterative procedure with steps adapted to the problem topology.

Fo(2) = F(2) + (z = 2N TR(z — 2(9) + 6a(2)

Tradeoff between:

» Rotation to align the norm || - || and the norm || - ||; , Computation
R=ATSA-B
» Deformation of the #1-norm with the rotation A . Accuracy

64(2) = A (A2l = ] )
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One step improvement

Proposition
Suppose that Ry = AT SqAq — B - 0 is positive definite, and define
2(9+Y) = arg min 7:;(2) ,
z

Then

F(2@) — F(z*) < =

(249 — 2) TRy (2D — 2*) + 6, (27) — 4, (217D .

N |

We are interested in factorization (Aq, Sq) for which ||R,]|2
and d4, are small.
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Adaptive lterative Soft thresholding - Convergence rate
[Moreau and Bruna, 2017]

Theorem

Let Ag, Sq be the pair of unitary and diagonal matrices corresponding to
iteration g, chosen such that Ry = AgSqu — B = 0. It results that

(2" = 2O Rz — 29) + 2Lp, (2V)(2" — 20)]2
2q

F(z9) — F(z*) <

ag — Bq

+ 5

)

q—1

ag =3 (a0 + (2" 2O (R ~ R~ 29))
i=1

Ba = 0+ 1) (299 = 20) TR — 200) 1 26, (24D = 204, (7))

i=0

where La(z) denote the local Lipschitz constant of d4 at z.

v

Seminaire MAP5 21/32 Université Paris-Descartes — Paris



Interpretation

» For Aq = Ik and S; = ||B||2/k, the procedure is equivalent to ISTA,
with the same rate of convergence.

L B
> If ||Roll2 + 2 w@) 1Bz Ay = Ik and S, = ||Bl|2lk for
| z* = zol|2 2

g > 0, then the procedure get a head start compare to ISTA

» Phase transition :

La(27 ) _ |IB]

The upper bound is improved when ||Rql2 + 2||z* @, 2

it is thus harder to gain as ||z(9) — z*[|, — 0
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Generic Dictionaries

A dictionary D € RP*K is a generic dictionary when its columns D; are
drawn uniformly over the /5 unit sphere SP~1.

Theorem (Acceleration conditions)

In expectation over the generic dictionary D, the factorization
algorithm using a diagonally dominant matrix A C &, has better
performance for iteration g + 1 than the normal ISTA iteration — which
uses the identity — when

MEZ [Hz(q) _ Z*H%}

AE 1269+ 1] < /55

expected resolution
at iteration g
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Generic Dictionaries

Corollary (Acceleration conditions)

If the input distribution and the regularization parameter X\ verify
AP .
Y2 < [Ie)n]

Then for any resolution E, [Hz(q) — z*||2} =€ > 0 at iteration g, the

performance of our factorization algorithm is better than the performance
of ISTA, in expectation over the generic dictionaries.

FacNet can improve the performances compared to ISTA when this is
verified.
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Related works - explaining LISTA

» [Giryes et al., 2016]: Explanation based on the input distribution.
Propose the inexact projected gradient descent and conjecture that
LISTA accelerate the LASSO resolution by learning the sparsity
pattern of the input distribution.

» [Xin et al., 2016]: Study assymptotic properties of z* estimators.
Study the Hard-thresholding Algorithm and its capacity to recover the
support of a sparse vector.

The paper relax the RIP conditions for the dictionary.
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Numerical Experiments
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Learned ISTA [Gregor and Lecun, 2010]

DA 2

W,

X

w0 w® w®

1 2
A PP O AW O A 2

Figure: Network architecture for ISTA/LISTA. LISTA is the unfolded version of
the RNN of ISTA, trainable with back-propagation.

If W, = DTT and W, =1 — % this network is exactly 2 iterations of ISTA.
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FacNet

Specialization of LISTA

29+ — AT prox(Az(9 — STTAB(2(9) — y)) ,
)

with A unitary and S diagonal.
Same architecture with more constraints on the parameter space:

W, =S1ADT
W, =AT —S71ABAT

= LISTA can be at least as good as this model.
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Artificial simulation

Generating Model:

d d .
» D= <||d11||27"'||d;||2) with dj NN(OJP) for all k € |I1, K]] ,

» z=(z1,...2zk) are constructed following a bernouilli gaussian:
Zy = bkak, bk NB(p) and aNN(O,UIK)

with: K = 100, P = 64, for the dimension, ¢ = 10 and A = 0.01

= The sparsity patterns are uniformely distributed.
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Artificial simulation

—— ISTA —e— L-ISTA
. --e-- Linear = —+— FacNet
,,,,,,, e FISTA L-FISTA

Cost function F(z9) — F(z*)

100 10! 10?
# iteration/layers q

Evolution of the cost function F(2z(9)) — F(z*) with the number of
layers/iterations g with a sparse model p = /5.

Seminaire MAP5 29/32 Université Paris-Descartes — Paris



Artificial simulation

—— ISTA —e— L-ISTA
-+~ Linear = —+— FacNet
FISTA L-FISTA

Cost function F(z9) — F(z*)

# iteration/layers q

Evolution of the cost function F(2z(9)) — F(z*) with the number of
layers/iterations g with a denser model p = 1/,.
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Adversarial dictionary

Adversarial dictionary:
D= [dl...dK} e RKxP
with

e |I

d=e 2le<cq 'd' L IW)‘fll hinds 'Lh Al
i Ml i ft T S O T A !
for a random subset of , , !.I*:':al"] rl1"|ﬂ,‘h“, faihnb :*I};“l] i;'ln:':*l.!f:,,.-f.- il “”h

frequencies {Ci}igm .' , ,,‘I.Tﬂ'.,{ ff‘?ﬁ? ?ﬁ,{‘]? n"l |"JE{.}JT fﬁll
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Adversarial dictionary

—— ISTA —e— L-ISTA
FISTA —+— FacNet

—
=

-
2

e ————

Cost function F(z9) — F(z*)
5 5 5 8

H
3

10°°

# iteration/layers q

Evolution of the cost function F(2z(9)) — F(z*) with the number of
layers/iterations k with n adversarial dictionary.
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Contribution

Contributions

» Non asymptotic acceleration of ISTA is possible based on the
structure of D

» Sufficient analysis to explain LISTA acceleration,

» The dictionary structure seems necessary.

Future work:

» Improve the factorization formulation for direct optimization,
» Second order analysis for generic dictionary,

» Link to Sparse PCA.
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Questions

Thanks!

Code: ) tomMoral

Papers: & tommoral.github.io
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https://github.com/tomMoral
https://tommoral.github.io

Part II:

Accelerating Convolutional
Sparse Coding
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Plan

Convolutional Dictionary Learning
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Seminaire MAP5 3/29 Université Paris-Descartes — Paris



Convolutional Sparse Coding

For a signal X, find the coding signal Z given a set of K patterns D.

Optimization problem

Solve a ¢1-regularized minimization problem

K
z —argmp E(2) = 31X - 3 Zex DulB + A2k, (2

v

Existing algorithms do not scale well with the size of the signal X.

» Feature Sign Search (FSS) [Grosse et al., 2007]
» Fast Iterative Soft Thresholding (FISTA)  [Chalasani et al., 2013
» Fast Convolutional Sparse Coding (FCSC) [Bristow et al., 2013|
» Coordinate Descent (CD) [Kavukcuoglu et al., 2010]
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Coordinate Descent (CD)

Update the problem for one coordinate at each iteration.
The problem in one coordinate is:

1D l3
2

(u— 8eld])” + Al

ek,t(u) =

with Bi[t] = ((X —®(2) * DT) « Bk) [£].

Three algorithms based on this idea:

» Cyclic updates [Friedman et al., 2007]
» Random updates [Nesterov, 2012]
» Greedy updates [Osher and Li, 2009]

Recent work shows it is more efficient to use greedy updates.
[Nutini et al., 2015]
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Convolutional Coordinate Descent

For convolutional CD, we can use greedy updates:

7! = Shﬁ,7
k= HDllz \EieR)

with Sh(y, A) = sign(y)(ly| — A)+.

This can be done efficiently for this problem by maintaining 5, with
O(KS) operations. [Kavukcuoglu et al., 2010]

5;(<q+1)[t] (")[t] Skt — to](Zio[to] — Z;,[t0]),

with Skko[t] Z Dk[t+T]D [T]
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Improving Convolutional Coordinate Descent(1/2)

This is not so efficient to only change one coordinate as updates only
affect a small range of coefficients.

We could update M coefficients that are in disjoint neighborhoods in
parallel.

Issue: Choose disjoint coordinates

Split the signal in M continuous chunks and perform updates:
» Use a lock to avoid updates that are too close,
» Use a parameter server to reject multiple updates.

[Scherrer et al., 2012, Bradley et al., 2011]
[Yu et al., 2012, Low et al., 2012]

Is it necessary?
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Improving Convolutional Coordinate Descent (2/2)

Consider the cost function E(Z) = 3[|X — 331 Zk * Di[3 + M| 2|1

We denote AEy = E(Z(9t1)) — E(Z(9)) the update performed at step g
for coefficient (ko, to).

If we update simultaneously (ko, tp) and (ki, t1) coefficients, it can be
shown that:

AEoyl = AEO + AEl — Sko,kl[tl — to]AZoAZl,
————

. . Ve
iterative steps interference

If interference are not too high, the updates can be asynchronous.
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Distributed Convolutional Coordinate Descent (DICOD)

Each core is responsible for the updates of a chunk of coefficients.

Cm updated in (ko, tp) Cm+1 updated in (ki, t1)
AZko[to], ko, to ‘
C

,,,,,g»{ T“l “AZkO[tO] /\
B{x“*“lll\/;“ I.“ 3

No message il =Wl @ Bl

Retrieve the notification when possible to update S.
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Numerical convergence

Generated problems with D gaussian and Z Bernouilli-Gaussian

K
X = E Zy * D kK +E€
k=1
10° \
103
g —— CD
O 10'1 —e— RCD
—— FCSC
FISTA
1071 _m— DICODso
—e— DICODgo
10| ~*— 5eaDICODg
—e— SeqDICODs0o
10° 10! 102 103 104 10° 108 107 108

# iteration

Cost as a function of the iterations
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Numerical convergence

Generated problems with D gaussian and Z Bernouilli-Gaussian

K
X:ZZk*Dk“‘e
k=1

cD
RCD

FCsC
FISTA
DICOD3o
DICODsgo
SeqDICODgo
SeqDICODsgo

10!

ttt

107!

bhis

1073

10° 10t 102 103
Time (s)

Cost as a function of the time
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Complexity Analysis

Computational cost of one update for greedy CD is linear in O(T):

» Compute potential updates Z;[t],
» Find (ko, to) = argminy ¢ | Z[t] — Zk[t]].

Computational cost for one update of DICOD is linear in O(4;):

» Same steps but with a signal of size %
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Speedup

With an analysis of the interference probability, the convergence rate of
DICOD with M cores can be bounded by:

Mg
E[Sdicod] > M?(1 —20°M? (1 + 2a2M2> ).
2 2042 4pgh (3)
> M2(1— 202M2 + O(a* M) .

~

a—0
2
with a? = (5#) the probability of interference.

» For a close to 0, the speedup is quadratic.

» There is a sharp transition as « grows that degrade the performance
of the algorithm.
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Numerical Speedup

Runtime (s)

T=150
e __ |
STl I
102 - Tue—an_ i
N =~ linegy M
.l TTe——s
10 ) -
~e | "o
‘7"'3:7;.\ N | o
0 [/
10° A ~J./
T=1750
100 ®ssa____ i
~NC T ~—— .
B lin, L
103 4 o Sar __ M i
L T |
\.~ ~~~~~~~ |
2 ~eo  TT==- -
102 Voo @ H
. /
@ e runtime DICOD < e !
10* 1 . <2 e |
—-— theoretical speedup ~< :
\'; .I
1 2 3 4 7 11 18 29 46 75
# cores M

Runtime as a function of the number of cores
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Contributions

Contributions

» Distributed algorithm efficient to solve the CSC problem
» Guaranteed convergence to the optimal solution

» Super-linear speedup

Future work
» Extend this work to 2D case

» Handle local penalties
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What next?

» Find a good way to solve the dictionary learning problem,
» Change the penalization? (group sparse),

» Use the learned dictionary to extract meaningful features.
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Annex FacNet
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Related works

» [Giryes et al., 2016]: Propose the inexact projected gradient descent
and conjecture that LISTA accelerate the LASSO resolution by
learning the sparsity pattern of the input distribution.

» [Xin et al., 2016]: Study the Hard-thresholding Algorithm and its
capacity to recover the support of a sparse vector.
The paper relax the RIP conditions for the dictionary.
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Learned FISTA

The same ideas can also be applied to FISTA to obtain similar procedures:

X
pam

Figure: Network architecture for L-FISTA.
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PASCAL 08

Sparse coding for the PASCAL 08 . . . . HE |
dat:%sets over the Haar wavelets " N A =m " = 2 =
family. 5 B = s T EE EE

u | | u n - - n
The sparse coding is performed for =R R R, 2 & =
patches of size 8 x 8.

U U ] ] ] ] ]

Train over 500 images and test over LI R R [
100 images.

] [ u ] = " " =
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PASCAL 08

—— ISTA —e— L-ISTA
--e-- Linear = —+— FacNet
FISTA L-FISTA

Cost function F(z@9) — F(z*)

100 10! 102
# iteration/layers q

Evolution of the cost function F(z(9)) — F(z*) with the number of layers
or the number of iteration g for Pascal VOC 2008.
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MNIST

Dictionary D with K = 100 atoms learned on 10 000 MNIST samples
(17x17) with dictionary learning. LISTA trained with MNIST training set
and tested on MNIST test set.

—— ISTA —e— L-ISTA
--e-- Linear —+— FacNet
————— FISTA L-FISTA

Cost function F(z@) — F(z*)

10° 10t 102
# iteration/layers g

Evolution of the cost function F(z(9)) — F(z*) with the number of layers
or the number of iteration g for MNIST.
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Annex DICOD
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Finishing the process in a linear grid?

Non trivial point: How to decide that the algorithm has converged?

> Neighbors paused is not enough!

» Define a master 0 and send probes.
Wait for M probes return.

> Uses the notion of message queue and network flow.
Maybe we can have better way?
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Singular Spectrum Analysis (SSA)
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Singular Spectrum Analysis (SSA)

[Vautard and Ghil, 1989]

Idea

>

>

Choose a window size K
and extract sub series,

Reconstruct a low rank
estimate of all the K-length
sub series,

Decomposition of the series
as a sum of "low rank”
components.

— K-trajectory matrix X (<)

— Singular Value

decomposition
XK =S AU VT

— Average along
anti-diagonals

= Extract components linked to trend and oscillations

Seminaire MAP5
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Singular Spectrum Analysis

We show in the thesis that this solves the following problem

Optimization problem

Solve a convolutional list square

2

Z*,D* =a

I\)In—l
|M>:
N
*

)]
=
—~
N
N—r

with constraints (D;, D;) = 0;;

» D is the dictionary with K patterns in R of length W

» Z is an activation signal, or coding signal in R¥ of length
L=T-W-+1
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Toward a sparse representation

Issues

Same pattern present in different low rank components
Representation is "dense”, no localization

Different representation for each signal
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Plan

Post-training for Deep Learning
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Post-training for Deep Learning

Paper with J. Audiffren: arxiv:1611.04499

Use the idea to split the representation learning and the task resolution:

» Post-training step: only train the last layer,

» Easy problem: this problem is often convex,

> Link with kernel: close form solution for optimal last layer.

» Experiments: consistent performance boost with multiple
architecture.
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